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October 11, 1966 

Katiolzal Aeronautics and 
Space Aihhistration 

Washington, D. C. 20546 
Ref: Nc-NsG-692/17-01-005 

Gentlernen: 

We are pleased to transmit herewith the semi-annual status report 
for the Natior,al Aeronautics arid Space Administration Grant referred 
to above. The report covers the period of March 1, 1966 to August 
31, 1 9 6 6 .  

The research 2rojects included In this report are as follows: 
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2 .  

3 .  

4. 

5 .  

6 .  
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Tl=e Xeasurement or' Lunar and Dr. E. Brock Dale Physics 
Planetary Infrared Radiation 

35tochon2rial Eeat Production Dr. R. K. Burkhard Biochemistry 

Analytical Studies in the Dr. Merrill E. Noble Psychology 
Learniag ar-c Memory of 
Ski lle2 ?er?oLmance 

C2timization of Space Systein Dr. Frank A. Tillman Industrial Eng, 
Design 

Expezimenss with Ultraviolet Dr. Charles Mandeville Physics 
LiCht 

Tracks of Heavy Ions in Dr. Robert Katz 
Ernul sion 

Physics 

Ilezl Siqle Side Band Mod- Dr. Charles Halijak Electrical Eng, 
ulation arid Demodulation 

De t e mi :-- .z t ion of Optimum Dr. James E. Bowyer Mechanical Eng. 
Nozzle Cx,tours for the Expan- I 

s1z.z 05 2issociated Gases by 
:h.zhods s2 the Variational 
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We will appreciate receiving comments or suggestions from any of 
those who review this report. 

Sincerely yours, 

RESEARCH COORDINATING COUNCIL 

sm 

Enclosures 

John Lott Brown, Chairman 
Vice-president 

A. B. Cardwell, Director 
Bureau of General Research 

Floyd Smith, Director 
Agriculture Experiment Station - 

Leland ,d?Hobson, Director 
Engineering Experiment Station 
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NATIONAL AERONAUTICS AND SPACE 
ADMINISTRATION NsG-692 

THE MEASUREMENT OF LUNAR AND PLANETARY 
INFRARED RAD1 ATION 

Department of Physics 
E. Brock Dale, Principa'l Investigator 

During the six month period just past  the -detector-photometer system 

has been completely redesigned and rebuilt. 

(1) improved mechanical s t a b i l i t y  i n  a l l  components, (2) incorporation of 

additional low-temperature baffles i n t o  the detector housing, ( 3 )  improved 

The major changes include: 

e l ec t r i ca l  contact t o  the detector,  ( 4 )  an increase i n  detector size so 

t ha t ,  by interchanging masks, we can adapt the photometer t o  measurement 

of t o t a l  radiation from the planets, (5) incorporation of a 1 l i t e r / s e c  

ion pump t o  evacuate the system continuously while i t  is  i n  use. 

The l a t t e r  was found t o  be a necessity because of cyropumping and 

The resulting condensation on the 20°K cold f inger  and the detector. 

elimination of leaks from the system has been a serious problem because of 

the small pump capacity. Consideration of weight  precludes the use of a 

larger  pump. W i t h  the present system we are  ab le  t o  maintain a vacuum 
-5 -10 

of 10 tor r .  There a re  no leaks greater t h a n  10 l i t e r  atmospheres/sec, 

indicating tha t  the gas load i s  primarily due t o  outgassing. 

will be eliminated a t  low temperature, we expect .no further d i f f icu l ty .  

Since this 

Alterations ye t  t o  be made are: (1) incorporation o f  a tracking 

camera tha t  will photograph the object under surveillance projected onto 

a reference r e t i c l e ,  ( 2 )  elimination of heat t ransfer  between the ro ta t ing  

shutter and the shutter drive motor. 

A study of conditions affecting the noise equivalent power (NEP)  o f  

a 
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photoconductive detectors has been carried out. 

have been found i n  the open literature. Our results will be published 

in due course. 

Some errors and omissions 

e 



Sed-annual Report 

for 

NASA Project N2G-692 

"Mitochondrial Heat Pr d u c t  ion" 

prepared by 

R.K. Burkhard, Principal Investigator 

September 22, 1966 



Research Performed 

The construction of a calorimeter suitable for the measurement of heat 

produced by mitochondria has been started. 

is currently being done in the Department of Industrial Engineering. 

construction of glass reaction vessels to go into the heat sink is being 

dnne in the Department of Physics. 

which will surround the reaction vessel and measure heat flow to the heat 

sink is being constructed in our own laboratory. 

mitochondria will need to await completion of the microcalorimeter. 

The machining of a heat sink 

The 

The constructkon of the thermopile 

Experimentation with 

q .  
Publications 

G.L. Dohm, 

M.S. thesis, 1966, Kansas State University. 

"The Effect of Centrifugal Fields on Enzymatic Reactions", 



Semi-Annual Report 
NASA Grant NsG 692 

March 1, 1966 - August 31, 1966 
Analytical Studies i n  the Learning and Memory 

of Skilled Performance 

M e n i l l  E. Noble, Richard E. Christ, and Stephen 1. Handel 

During the six month period ending August 31, 1966, data were 
collected on an additional psychophysical study of the ability to 
perceive the coincidence between forms presented to the peripheral 
retina 
V ' s  were employed, since earlier data collected in connection with 
this research grant suggested that triangles were perceived more 
accurately than open triangles (VIS). These data ,  together with 
other data and theories in  the field of visual perception led to the 
study just  completed. Analyses of those data are now under 
way 

Four forms, triangl es, inverted triangles, V ' s  , and inverted 

Drs . Richard E. Christ and Stephen J . Handel, and Merrill E. 
Noble acted a9 co-investigators during much of the past  six months, 
and will continue to do so in  the new investigations now in progress. 

rn&( c.kd-4 
Merrill E. Noble 
Principal Investigator 

bd 
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Project: National Aeronautics and Space Administration NsG-692 

Title: 

Department: Industrial Engineering Department 

Investigator: Dr. Frank A. Tillman, Head 

Optimization of Space Syst) ms Design 

The original investigator on this phase of the project, Dr. George F. Schrader, has 

left Kansas State Universitv. 

same topic. 

D r .  Tillman took over and continued the work on the 

The following are the principle areas investigated: 

1. OPTIMUM SOLUTION OF A STOCHASTIC INVENTORY PROBLEM BY THE DISCRETE 

MAXIMUM PRINCIPLE 

This effort illustrates that the discrete m a x i m u m  principle can be applied 

to problems of probabilistic nature. 

demands is solved for the optimum level of starting inventory which minimizes 

the costs. 

model is found by using two recurrence equations. 

A multistage inventory model with uncertain 

The optimal sequence of inventory levels of the multistage inventory 

2. OPTLYIZATION OF SYSTEMS RELIABILITY 

The purpose of this effort is to obtain an optimum redundancy of the parallel 

system by the discrete maximum principle. 

the system profit. 

optimum design of the multistage parallel systems by this method. 

examples have been worked out in detail. 

The objective function is to maximize 

k shple computational procedure has been obtained for the 

Two numerical 

3.  THE APPLICATION OF THE DISCRETE MAXINUM PRINCIPLE TO TRANSPORTATION PROELEMS 

WITI3 LINEAR AXD NON-LINEAR COST FUNCTIONS 

Optimization of transportation problems with only one type of resource and 

with the equal total supply and total demand is carried out by means of a discrete 
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version of t he  maximum pr inciple .  

version of t h e  m a x i m u m  pr inc ip le  and formulation of t he  t ransportat ion problem 

i n  terms of t h i s  algorithm are outlined. 

cost  function and w i t h  three depots is systematically analysed i n  order t o  

obtain a generalized computational procedure for solving the  problem w i t h  more 

than three depots. 

with four depots. Problems involving non-linear cost functions and having two 

and three depots are  a l s o  considered. 

A general  algorithm derived from the  d i sc re t e  

A simple problem involving a l i n e a r  

The use of t h i s  procedure i s  i l l u s t r a t e d  by solving a problem 
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Annual Report o f  the Work 

o f  

NASA Grant N S G - ~ ~ ~  

Experiments with Ultraviolet Light 

Principal Investigator: C. E .  Mandeville 

Departrrent of Physics 
Kansas S t a t e  University 
Manhattan, Kansas 

1 September 1966 



I .  . 

I. INTRODUCTION 

i 

In  the las t  annual report, a general discussion was given t o  describe 

the nature of the effect under study. 

are generated when the relative motion of mercury and glass occurs. 

the previous report some preliminary results were given, and the f i r s t  form 

of apparatus for photon  detection was described. 

t h a t  a glass ball conta in ing  liquid mercury, mercury vapor,  and helium gas,  

i s  rotated a t  various values of rpm. 

Both  ultraviolet and visible l i g h t  

I n  

Briefly, i t  can be s a i d  

I n  a brief semi-annual report of date 24 March 1966, improvement o f  the 

apparatus over t h a t  o f  the previous year was discussed. 

corctinued w i t h  the use of photomultipliers as detectors rather  t h a n  the 

photosensi tive Geiger counters with which the measurements were ini t i a l l y  

comenced. 

Experiments have 

A l l  following discussions and related fighres concerns a glass ball 

which contained a few gra ins  o f  mercury and helium a t  pressure 0.6 rnm Hg. 

Peasurements were performed a t  room temperature. 

of Corning 9741 glass which transmits not  only the visible b u t  the ultra- 

violet as well. r 

The ball i tsel f  was made 

I I .  NEW MEASUREMENTS 

A. The "Time Effect" 

In the course of earlier studies i t  had been noted that the light 

yield from the r o t a t i n g  glass ball containing mercury had a tendency t o  

decrease d u r i n g  the time of protracted ro t a t ion ;  t h a t  i s ,  d u r i n g  a long 

period o f  continuous r u n n i n g ,  the intensity o f  emission decreased markedly. 

Using an essentially solar blind RCA-C-70128 ultraviolet sensitive 

Dhotomltiplier tube as detector, the data o f  Fig. 1 were obtained. 

decrease i n  intensity of photon emission as the r u n n i n g  time increases i s  

The 

- 2 -  



clear ly  evident. 

o f  photomultiplier tubes as detectors a lso revealed the pulsed nature of 

the emission. 

t o  have a r i s e  time o f  2 microseconds. 

lengthened by the time constant of the associated c i rcu i t ry .  

r i s e  time, i t  can be estimated, of course, t ha t  the full w i d t h  i n  time a t  

half maximum o f  the pulse is  one microsecond, 

A t  this point, i t  should also be mentioned tha t  the use 

Nhen viewed on an oscilloscope, the l i g h t  emission appeared 

The decay time was a r t i f i c i a l l y  

From the 

The explanation for t h 2  decrease of yield w i t h  time o f  continuous 

r o t a t i o n  has no t  been determined. A re la ted curve obtained w i t h  use of a 

photosensitive Geiger counter s’s shown i n  Fig.  2. 

B. Pulse Heiqht as a Function of Rotation Rate, 

F igs .  3 through 8 demonstrate the behavior of the d i s t r i b u t i o n  of 

pulse heights associated w i t h  emission obtained from the ba l l ,  

noted tha t  the average pulse h e i g h t  increases ‘to a cer tain point,  ultimately 

I t  will be 

- 

decreasir,g as the velocity of rotation is  fur ther  increased. 

captions are given for  each figure. 

Explanatory 

The  reason f o r  decrease o f  emission 

of the l i g h t  a t  the higher rotation ra tes  i s  not known ye t  b u t  i s  t h o u g h t  t o  

be related t o  the t r a n s i t  time of the electrons,  the time f o r  electrons t o  

move from niercury t o  glass. 

- 3 -  
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National Aeronautics and Space Administration 

Tracks of Heavy Ions in Emulsion, Physics Department, 

NsG-692 

Robert Katz, Principal Investigator 

Status Report for the period March 1, 1966 to August 31, 1966 

1) Measurements of the tracks of ions in emulsion by newly 

developed photographic techniques continue. 

2) An additional stack of G-5 emulsion was exposed at balloon 

altitudes over Hudson's bay, courtesy Professor Peter Meyer, 

University of Chicago. 

3 )  A seminar was presented at the Donner Laboratory on 10 May, 

and a paper was read at the I11 International Congress for 

Radiation Research, Cortina, Italy, 27 June, on the theory 

of Relative Biological Effectiveness for Heavy Ion Bombardment 

of Dry Enzymes and Viruses. 

has been submitted to Radiation Research. 

A paper enlarging on this material 

4 )  A note entitled Simulated Radioactivity has been accepted 

by the American Journal of Physics. 

5) A note entitled Magnetically Geared Microscope Stages has 

been accepted by the Review of Scientific Instruments. 

6) Degree requirements have been completed-by 

J.J. Butts, Ph. D. , E.J. Kobetich, M. S. 

Harvey Goldberg, M.S. 

Reprints of all publications will be submitted when these become 

available. 

Robert Katz, Principal Investigator 

. 



National Aeronautics and Space Administration NsG-692 
Department of Electrical Engineering 
Principal Investigator - Dr. Charles A. Halijak 

During the period from March 1, 1966 to August 31, 1966, 

this work was completed with the assistance of Burns E. Hegler, 

of the Electrical Engineering Faculty. 

Initially, a considerable amount of time was devoted in 

determining the limits of the system and the theoretical effect 

of different order Butterworth filters upon these limits. 

placement of the carrier frequency with respect to these limits 

was firmed up. 

The 

Much of the latter part of this period was devoted to the 

writing of a report of the findings. This report was published 

in our department as Technical Report No. 5, entitled "Ideal 

Single Sideband Modulation and Demodulation". 

The report concluded that the model while was developed 

previously w a s  feasible and that much more work remains to be 

done i n  this field. A copy of the report is attached. 
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KANSAS STATE UNIVERSITY 

ANANHATTAN, KANSAS 

T e c h n i c a l  Report EE-TR-5 

IDEAL SINGLE SIDEBAND MODULATION AND 
DEMODULATION 

BY 

C h a r l e s  A. Halijak 

Burns E. Hegler 

Department of E l e c t r i c a l  E n g i n e e r i n g  

AUGUST, 1 9 6 6  

T h i s  work  w a s  part ia l ly  
supported by NASA grant 
NsG-692. 



INTRODUCTION 

We shall consider single sideband (SSB) modulation as a con- 
I '  

i - I 
sequence of double sideband suppressed carrier (DSB) modulation. 

An outline of the DSB Laplace Transform formalism '''will be pre- 

sented and this is followed by a simple SSB theory. To be speci- 

fic and to avoid excessive context, attention will be focussed on 
, *  

a case of upper sideband (USB) modulation. I 

/ 

There exists but one text '*]on SSB modulation. One can be- 

come acquainted with extensive past work by referring to this 

text and to References (31 ,  ( 4 l t  (53. 

The simple flaw in this past work is., due to unreasoning inde- 

pendence from DSB modulation theory. The latter theory is a 

necessary prerequisite to SSB modulation theory and liberates SSB 

modulation from unnecessary abstractions such as the analytic 
signal and Hilbert transforms [111 

DSB MODULATION FORMALISM 

The ordinary Laplace Transform domain invorves only addition 

and convolution operations. DSB modulation requires a real time 

multiplication operation. However, multiplication is a bilinear 

operation and this'excessive generality is not suited to descrip- 

tior, of modulation systems. Linear operators can be obtained 

by restricted multiplication--only two 'functions of time, cos Rt 

sin nt, will be multipliers; R is the carrier angular frequency. 

Conventional Laplace Transform notation is unwieldy in this 

enlarged domain. It will be more efficacious to employ the R. V. 

Churchill notation 
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. 
I 

- 
Compactness of n o t a t i o n  i s  achieved because pa ren theses  f o r  vari-  

abies can be dropped w i t h o u t  ambigui ty;  i , e ,  f (t) = f and z(s). = f .  

Moreover, n o t a t i o n  economy is a t t a i n e d  by r e s e r v i n g  upper case 

le t ters  f o r  l i n e a r  o p e r a t o r s  in t roduced  by r e s t r i c t e d  m u l t i p l i -  

c a t i o n s  , 

Rest r ic ted  m u l t i p l i c a t i o n s  i n  t h e  Laplace Transform domain 

induce t h e  fo l lowing  formulas and l i n e a r  o p e r a t o r s :  

' R  

' R  
The r eg ion  R c o n t a i n s  a l l  poles of F(A), Execution of t h e s e  com- 

p l e x  convolu t ions  y i e l d s  

These are c a l l e d  direct and quadra tu re  Laplace t ransforms of f C t )  

r e s p e c t i v e l y .  

Besides  d i s t r i b u t i v i t y  of a 1 i n e a r . o p e r a t o r  ove r  a d d i t i o n  of 

s i g n a l s ,  formulas for  l i n e a r  o p e r a t i o n s  on t r a n s f e r  f u n c t i o n s  are 

possible; they  are 
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These formulas mean that, "If 

and S s  exist as transfer functions." 

volutions, fg, are 

is a transfer function then Cs 

Linear operations on con- 
-- 

of equations 

respectively 

Equation 

are 

----l- 

E (rg = (ET) (EG) 

E-l{GEF) = f~ g r  

and are convenient mnemonics, 

(7b) produces a result which will be useful in a 

later section. 

matrix, then 

( 8 )  

If one observes that El = Eo, the identity 

E (l/?). = (ET1-l . 
The main result of Lhis section is that DSB signals and DSB 

transfer functions can be manipulated in the Laplace Transform 
domain enlarged by adjoiniient of restricted multiplication hl l  . 

IDEAL USB MODULATION AND DEMODULATION 

The diagram in Fig. 1 is an ideal modulator and demodulator 
- -  

if p + ~  = 1. Note that the special transfer matrix E and i t s  

inverse, are in cascade to form the identity matrix, E e 

0 

One cai-. readily replace these with direct connections and obtain 

the oucpk t .  ( ~ + V I  f. 
- - -  

- -  
~ ; h e  ;.+w = 1 condition is not enough to ensure existence of 

pure USB terms on Channeis I and 22 Only under special condi- 

tioas will pure USB terns exist on these channels. 



a 

I I 

Fig. 1. An i d e a l  modulator and demodulator 

Xodulator I Channe 1s 1 i>e:fr,ot~u~s tor 

I 

Tiq. 2 .  ~n i d e a l  YSB modulator and  der ,odulator  
with channel s igna l s  P? and QT 
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Consider the diagram of Fig. 2. Here, the input signal 

I -  

l -  

has been restricted to cos mt; E has been premultiplied by the 

matrix (: r )  ; and E-l has been postmultiplied by 

Channel signals are identified as P? and QF respectively. 
(: :) -l ' 

The 

following two theorems can be stated. 
2 2  - 

If ? = s/(s +m ) I p = l/(l+s) I Theorem 1. = s/(l+s) 

in Fig. 2 and 

then the steady-state forms of Pf and QF are USB signals. 

Proof. Straightforward calculations employing the DSB formalism 

yield 

n . S - R+m 2 2 R +s+s . 
2 (10) 2Pk = 

n2+ (i+s) ' s2+ (n+m) n2+(1+sI2 s2+ (n+m) 

n n+m . 
- 2  2 + RL+S+SL S 

- 2  n2+(1+s) s +(n+m) n2* (l+s) 2' s +(n+m) 
(11) 2QF = 

Sine and cosine terms have angular frequencies .(n+m) and no 

( a - m )  angular frequencies are present. 

It is apparent that the time constant of the filter (nor- 

malized to 1) will determine damping of the transient term and 

will effect the amplitude and phase angle of steady state terms. 

These latter effects do not alter ideality of our SSB modulator 

, - -  
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then the steady-state forms of Pf and Qf are upper sideband (USB) 

signals. 

Proof. Straightforward calculation yields 

There will be no angular frequencies (n-m) present and the 

theorem is established. 

These two theorems establish invariance of these USB channel 

signals to input signal phase shifts. 

Since the ideal modulator/demodulator requires both m and l/m8 

it is necessary that m be neither very small nor very large. 

This observation results in a simple corollary. 

Corollary. 

restricted to a passband determined by some small number m - such 
that Ocm/S2<1. - 

Input signal data angular frequencies are necessarily 

This passband is the angular frequency interval 
c 

A procedure for determining m - will be presented in a subse- 
quent section. 

DEVIATION OF'CHANNEL SIGNALS FROM IDEAL SSB 

If m is fixed in the modulator/demodulator and the input 

signal is cos nt and n differs from m, then it is impractical to 

change constants m and l/m and other means for reducing unwanted 

lower sideband (LSB) contaminants need to be proposed. 

We shall first remark that LSB contaminants exist in the P- 

and Q- channels, Ensuing calculations require trigonometric 
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formula types in the following lemma. 

Lemma: If A, B are positive real numbers and TI = A sinecosl + 
33 cosesinl, then 2T1 = (A-Blsin(e-Y)+(A+B)sin(e+Y). If A and B 

are positive real numbers and T2 = A cosecosY - B sinesiny, then 
2T2 = (A-B) cos ( e - Y  1 + (A+B) cos (e+r) . 
associated with sum angles and that difference amplitudes are 

Note that sum amplitudes are 

associated with difference angles. 

Theorem 3. If the input signal is cos nt or sin nt and 

constants m and l/m are fixed in the ideal USB modulator of 

Fig. 2 then the ratio of undesired LSB signal amplitude is 

.- 

I _  

1 (n-m) / (n+m) I . 
\ 

Since n is restricted not to approach zero, one can obtain 

the proper inequality 

This result contrasts with Nyquist's Vestigial-Sideband (VSB) 

modulation [81 wherein a similar ratio is identical to one. 

However, a sharp cut-off filter is used to lessen the unity 

value of this ratio. 

Q-channels of our ideal USB modulator for further reduction of 

Similar filters can be placed in P- and 

LSB/USB. Study of such modified modulator will be pursued in 

the following sections. 

USB MODULATOR WITH CHANNEL FILTERS 
I 

A modified ideal USB modulator which transmits more than 

one angular frequency is obtained by addition of high-pass 

filters, h, to P- and Q-channels. These new channels signals 
- 

are EPv and EQF. The result is shown in Fig. 3 .  



C 

Modulator l 1 Demodulator . 

* I  
I 

I 
I I s-1 + p * r  + 

I 1 

F i g .  3. Modified USB modulator and demodulator. 

I -  

t 
1. 
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Two basic problems are placement of the filter cut-off 

frequency relative to the carrier frequency and calculation 

of the least upper bound of the previously defined m depend- 

ent on the fact that practical filters have finite slopes 

near cut-off frequencies. 

- 

In order to present concepts without difficult calcula- 

tions, filters, h, will belong to the class of Butterworth 
filters. Ultimately, sharper cut-off filters such as Cheby- 

shev or mechanical resonator filters should be employed in 

actual physical systems. 
5 

A Butterworth high pass filter of order k and cut-off 

frequency, wo, possesses a spectrum of the form 

The required ratio follows directly from the trigonometric 

lemma and hPf and hQf formulas: 
- -  - -  

(15) LSB 
USB 
- 

/ G 7 2 k  

< 

w : w  

Q+n Q-n A direct attack on this ratio requires that 0 < 0 ; but 

since w > 0 and 0 < n < Q, this inequality is tautologous and 

another approach is required to resolve our two basic filter 

problems 

0 

The spectrum of any Butterworth high-pass filter has the 

shape of a sigmoid. This spectrum can be approximated by three 

line segments: one line segment is of zero slope and'zero ampii- 

tude; the next line segment has finite positive slope and extends 

from zero to unity amplitudes; and the third line is of zero slope 
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and unity amplitude. Intersections of the second line segments 

with the first and third line segments define corner frequencies 

w 

tively. 

and wcu for the lower and upper corner frequencies respec- CL 

The second line segment will be placed at the inflection 

point of the Butterworth spectrum and the second line segment's 

slope will be the slope of the Butterworth spectrum at the in- 

flection point. 

A straightforward analysis of a Butterworth spectrum of 

order k yields information about the second line segment's 

placement and slope and also about corner frequencies: 

1/2k 
(a) inflection point occurs at wo [G] t 

(17) 

(b) the inflection point has amplitude 

J(k-l)/3k < 0.577350 # 

(c) the lower-corner frequency is given by 

(d) the positive difference of corner frequencies is 

It should be noted that the last formula is the multiplicative 

inverse of the slope at the inflection point. 

In order to make LSB/USB nearly infimal, the carrier fre- 

quency  should be placed on the first line segment to the - left 

of wcL and m should be chosen large enough so that fl+m is on 

the third line segment to the right of wcuo Since the slope 
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~ 

1 

i 

at the inflection point is the largest slope, one can then state 

that 

(19) 

(20) 

CL g . 1 . b.R=w 
1.u.b m=w Cu-%L - 

This polygonal approximation can be refined by adjoining more 

line segments; this will result in lower wcL and higher wcu-wcL. 

Thus does one verify these greatest lower bound (g.1.b.) and 

least upper bound (1.u.b) assertions. 

Table 1 shows values of wcL/wo and (wcu-wcL)/wo for dif - 
ferent orders of Butterworth filters. It is evident that fil- 

ter order should be 32 before desirable values close to one 

ana zero are achieved. 

Table 1. 

order Butterworth filters. 

Values of wcL/wo and (wcu-~cL)/wo for k-th 

k wCL/wO (wcu-wcL) /wo 

2 0.26749 0 . 98284 
4 0.58112 9.58112 
8 0.77910 0.30913 
16 0.88696 0.15866 
32 0.94287 0.08028 
64 0 . 97129 0 . 04037 

. 

. 
00 1.0 

. 
0 

The contaminant ratio, d, can be readily calculated. How- 

ever, the shape of the graph is - more apparent when low order 

Butterworth filters are employed. An exemplary calculation for 

k=2 results in the graph of Fig. 4 .  Note that R>nbm is more 

. 
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desirable than nm. This observation suggests that the constant .- 

m should be the lower (necessarily greater than 1.u.b m,j anqular 

- frequency of input data band-pass angular frequencies. 

DIRECT AND QUADWiTUilE NATURE O F  CHANNEL SIGXALS 
2 Calculations of ?F and Q F  for = s / ( s 2  + n ) in the ideal 

USB modulator of Fig. 2 yield 

Since the matrix in the above equation is almost its own inverse, 

i. e. 

one can conclude that insertion of the channel transfer function 

matrix 

will result in cosinusoids in the P-channel and sinusoids in the 

Q-channel. Equation ( 2 3 )  is a rearranged form of Equation ( 8 ) .  

It is apparent that there is no further need for cross-couplings 

of P- and Q-channels. The contaminant ratio will be invariant. 

Signals P'? and Qf are somewhat analogous to C? and S F  respec- 

tively although the full apparatus of this analogy is not at all 

req-aired for ideal SSB modulation. 

MODIFIED USB MODULATOR-DEMODULATOR'S TRANSFER FUNCTION 

If the iaeal USB device of Fig. 3 is considered and appli- 

. 
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c a t i o n  made of f o r x u l a s  f o r  e x i s t e n c e  of t r a n s f e r  f u n c t i o n s  

C z  and S F ,  t h e n  t h i s  device's  t r a n s f e r  func t ion ,A,  is found 
- 

- 
(25) x = CK + - ( T / m ) ]  sii . 

This  t r a n s f e r  f u n c t i o n  is r a t h e r  t ed ious  t o  compute fo r  

a r b i t r a r y  order Butterworth f i l t e r s  and i t s  s tudy  is  d e f e r -  

r e d  t o  some f u t u r e  t i m e .  

LSB MODULATION 

An USB modclator has been chosen t o  exemplify SSB nodu- 

There e x i s t  corresponding LSB l a t o r s  i n  prev ious  s e c t i o n s .  

modulators! For i n s t a n c e ,  i f  E i s  rep laced  by E-' and high- 

p a s s  charmel f i l t e r s  are rep laced  by low-pass f i l t e r s ,  t h e n  a 

LSB moeulator r e s u l t s .  O f  cou r se ,  t h e r e  e x i s t s  a d u a l  of o u r  

lemma. 

Perhaps t h e  nost comon comnunication chznnel  i s  t h e  tele- 

phone t r a n s n i s s i o n  l i n e .  T h e  l o w e s t  q u a l i t y  te lephone  l i n e  

i s  an  RC t r ansmiss ion  l i n e  whi le  a high q u a l i t y  te lephone  l i n e  

i s  t h c  Pupin l ine--an RC l i n e  wi th  series loading  coils.  

any even t ,  t h e  te lephone  t ransmiss ion  l i n e  behaves l i k e  a 

low-pass f i l t e r  and LSE modulation is t h e  p e r t h e n t  modulation 

scheme for the te iephone l i n e .  

I n  

These facts have been e x p l o i t e d  

by Rixon E i z c t r o n i c s ,  inc. of S i l v e r  Sprixg , Maryland €or 

digi-Lai  aaka transii l ission. 

Iz i s  a p p z q ~ c i ~ t e  t o  ques t ion  relevarice of Cut terworth 

f i l t e r  s i ~ u l a t i o i ~  of te lephone liccs! The Butterworth f i l t e r  
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can  be cons idered  a second o r d e r  approximation of t h e  loss- 

less LC l i n e  and is  a degraded form of t h e  LC l i n e  because 

it does n o t  possess  the  i i n e a r  phase ang le  proper ty .  S ince  

i o s s e s . c a n  be rega ined  by r e p e a t e r s ,  one can s imula t e  tele- 

phone l i n e s  wi th  symmetric, loss-less two-ports which are 

l e f t  and r i g n t  te rmina ted  i n  equal  r e s i s t o r s .  Such Bu t t e r -  

191 worth f i l t e r  s y n t h e s i s  has  been accomplished by Bennet t  

i n  1932. 

Hawever, t h e  next  theorem, due t o  Lar ry  B .  Eiofman, i s  

reqrzireci for conplet--  L2.es.S. 

Thscrex 4 .  Only Butterworth f i l t e r s  of o r d e r  k n where 

ko = 3 ,  :u - + 4 ,  n = 1, 2 ,  3 ,  ..., r e a l i z a b l e  a s  sym- n - kn-l 
metric two-ports,  have c h a r a c t e r i s t i c  impedances whose spec- 

t r a  are monotonic approximations t o  g iven  c o n s t a n t s  (resis- 

t a n c e s )  i n  t h e  pas s  Sand. (These a r e  t h e  p r e f e r a b l e  con- 

s t a n t - r e s i s t a n c e  networks.) 

An immediate conseqcance of iiofrnan's theorern i s  t h a t  

But terworth f i l t e r s  GT orde r  31, 35,  3 9 ,  43, ... a r e  adrs i ss ib le  

channel  f i i t e r s .  This follows from our  obse rva t ion  t h a t  a 

f i l t e r  of o r d e r  3 2  begins t o  produce accep tab le  v a l u e s  f o r  

CONCLUDING REINARKS 

hi?. example of an i d e a l  upper sideband modulator has  been 

presented  and consequences were developed therefrom. Much 

work ren;leir,s t o  be done in order t o  uncover fac ts  hiaden by 

t e d i o u s  c a l c u l a t i o n s  of t h e  t r a n s f e r  f u n c t i o n  7. 

I t  is noteworthy t h a t  double phasor concepts  from PSB 

modulation such z s  envelope spectrum, envelope phase ang le  

. 
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are absent in the given SSB [I01 and carrier phase angle 

model. Direct and quadrature Laplace transforms and single 

phasors characterize this SSB modulator completely. 

Single channel SSB modulators are often employed for 

These modulators are necessarily de- equipment economy. 

graded forms of ideal two channel modulators and their per- 

formance specifications are hopelessly incomplete unless 

an ideal modulator is used as a performance reference. 

c 

-. 
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DETERMINATION OF OPTIMUM NOZZLE CONTOURS FOR THE EXPANSION 
OF DISSOCIATED GAS BY METHODS OF THE VARIATIONAL CALCULUS 

Dr. James M. Bowyer, Jr., Mechanical Engineering Department 

NASA NsG-692 

Fourth Semi-annual Report 

During the past half year, the thesis of Mr. Bonq L. Koh entitled 

"Supersonic Base Drag in the Presence of Base Burning" has been 

successfully defended. Since part of the support for this research was 

furnished by NsG-692 funds, a copy of this thesis was forwarded to 

Dr. John T. Holloway of the Office of Grants and Research Contracts 

NASA on August 4 ,  1966. 

The abstract submitted to the XVIIth International Aeronautical 

Congress earlier this year has resulted in an invitation to present the 

results of the investiqation reported by Richard R. Berns in his thesis 

as extended by the projects' principal investigator. A copy of the 

paper to be presented in Madrid on October 13, 1966 is enclosed. 

Additional copies of this paper will be made available at the request 

of the project monitor. 

Mr. Norbert W. Deneke has joined the principal investigator in 

the studies funded by this portion of Grant NsG-692. His efforts up to 

this time have been directed towrad gaining an understanding of tasks 

previously completed under this project. He is currently beginning an 

intensive study of the kinetics of hydrogen-oxygen chemical reaction. 



"Determination of Optinum Nozzle Contours 
f o r  t h e  Expansion of Dissociated Gases 
by Eethods of the V a r i a t i o c a l  Calculus" 

Richard 2. Berns* and J a s e s  E. Eoivyer, Jr. Jrk 

Kansas S t a t e  Univers i ty ,  " ranhat ta i ,  Kansas 

Abs t r ac t  

Optimum nozzle  contours  have been o b t a i ~ e d  f o r  t h e  expansion of a 

L i g h t h i l l  i dea l i zed  d i s s o c i a t i n g  gas  i n  on2-dixensional flow. 

ca t a lyzed  and ca ta lyzed  r eac t ions  have been considered.  

d e n s i t y  and r e a c t i o n  r a t e  were se l ec t ed  f o r  t h i s  gas  so a s  b e s t  t o  

r e p r e s e n t  t he  behavior  of hydrogen over the  t enpe ra tu re  range considered 

i n  the  i n v e s t i g a t i o n .  

Both un- 

A c h a r a c t e r i s t i c  

Tine nozzle contours  a r e  optimum i n  t h e  sense t h a t ,  

f o r  given i n i t i a l  condi t ions  and given r e a c t i o n  r a t e ,  p rope l l an t  s p e c i f i c  

impulse is  a maximm f o r  E cozzle of given Icr?zth ope ra t ing  under balanced 

pressure  cond i t ions  a t  t he  nozzle e x i t ,  i . e . ,  wi th  nozzle  e x i t  s t a t i c  

p re s su re  equal  t o  t h e  anbien t  atmospheric pressure .  

problem i s  of t he  Mayer type ,  one optimum nozzle  contour  can be considered 

t o  be t h e  s o l u t i o n  f o r  one s e t  of i n i t i a l  condi t ions  and one r e a c t i o n  r a t e  

Because the  v a r i a t i o n a l  

bu t  f o r  many d i f f e r e n t  nozz le  lengths  and corresponding e x i t  p ressures .  

This is  n o t  e n t i r e l y  advantageous, because the  nozzle  is  optimum i n  the  

sense of providing maxinu3 s p e c i f i c  i npu l se  i n  a given l eng th  nozzle  e 
when it  is  s t i p u l a t e d  t h a t  t he  nozzle  e x i t  p ressure  i s  equal  t o  t h e  ambient 

atmospheric p re s su re .  

Using the  same L i g h t h i l l  i dea l i zed  d i s s o c i a t i n g  gas  model f o r  hydrogen 

a s  was s p e c i f i e d  f o r  t h e  optimum nozz le  c a l c u l a t i o n s ,  f u r t h e r  comparison 

c a l c u l a t i o n s  have been made fo r  nozz les  whose supersonic  s e c t i o n s  a r e  

* Presen t ly  Research S p e c i a l i s t ,  Aerospace Group, Space Div is ion ,  The Boeing 
Company, P. 0. Box 3868, S e a t t l e ,  Washington 

** Professor  , Department of Mechanical Engineer ing,  Assoc ia te  Fellow AIAA 

work has  been supported by NASA Mult i -Disc ip l inary  Grant  No. RsG-692. 
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hyperbol ic  and each of which has  a l eng th ,  e x i t  a r ea  r a t i o ,  and ambient 

.-..:sspheric pressure  equal  to t h a t  of t h s  opcincm nozz le  with which it i s  

compared. 

A nuclear  rocke t  u t i l i z i n g  a vo r t ex -coc ; i i xd  gas-phase r e a c t o r  has  

been assumed. Tinus, a s t a s a t i o n  tempereturs  o f  9000° R and a s t agna t ion  

pressure  of 600 ps ia  were er.ployed i n  tha  szcdy. The length  requi red  f o r  

an optimum nozzle  i n  the  case  of t he  expansion of uncatalyzed hydrogen t o  

an  ambient pressure  r ep resen ta t ive  of e a r t h  o r b i i a l  and escape t r a j e c t o r i e s  

is  p r o h i b i t i v e ,  e.g., 84 m e t e r s .  However, i n  the  case  of the  expansion of 

hydrogen i n  the  presence of a potent c a t a l y s t ,  the  required l ength  for an 

optimum nozzle  exhaust ing t o  the  saxe anibient pressure  is  only 1.2 meters 

and is thus  of p r a c t i c a l  i n t k r e s t .  

The l a t e s t  r e s u l r s  or' :his i n v e s t i g a t i o z  i n d i c a t e  t h a t  a ga in  of only 

a few t e n t h s  of one percent  i n  balanced-pressure s p e c i f i c  impulse can be 

r e a l i z e d  by u t i l i z i n g  an  optimum nozzle  contour i n s t e a d  of t h e  b e s t  

hyperbol ic  contour  of t h e  same length.  

On t h e  o t h e r  hand, i f  a potent  c a t a l y s t  €or  the  hydrogen r e a s s o c i a t i o n  

r e a c t i o n  a t  h igh  temperature can be found, g r e a t  reduct ions  i n  requi red  

nozzle  length  (whether of opt imm o r  hyperbol ic  contour) f o r  a given 

s p e c i f i c  impulse can be achieved. 

could be r e a l i z e d  i n  t h e  nozzle  of a rocke t  engine of t h e  type inves t iga t ed  

h e r e  would then be very s i g n i f i c a n t .  

In t roduc t ion  

The r e s u l t a n t  weight-reduct ion which 

Only t h e  b r i e f e s t  review of t h e  i n v e s t i g a t i o n  on which t h i s  r e p o r t  is  

based i s  poss ib l e  he re .  

nor  t h e  l ist  of r e fe rences  i s  complete. 

t o  be c o n s i s t e n t  w i th  t h e  l i t e r a t u r e  c i t e d  ana usual  usage. 

For t h i s  reason ,  n e i t h e r  t he  d e f i n i t i o n s  of symbols 

The choice of symbols i s  be l ieved  

The r e fe rences  



3 

included a r e  be l ieved  io be those most c lose ly  r e l a t e d  t o  the  i n v e s t i g a t i o n  

repor ted  here .  

;?.e Xedium -. 
The behavior of any r e a l  g.zs a t  high t s . i c r a t u r e  i s  complex, ar?d a 

.. p r s c i s e  d e s c r i p t i o n  of  i t s  b e h a t o r  i s  c o r r - s ~ o n a ~ ~ g l y  d i f f i c u l t  t o  ob ta in  

a d  cunbersome t o  employ. 

obtained 2n a n a l y t i c  desc r ip t ion  for an 'T ic - l i z sd '  d i s s o c i a r i n g  diatomic gas 

and showed t h a t  t h i s  nodel  provided a reasGni5ly accura te  approximation t a  

t h e  r e a l  behavior  of oxygen o r  n i t rogen  over a cons iderable  range of 

t e q e r a t u r e  a t  moderate pressures .  

ai..alytic desc r ip t ion  a r e  smEar ized  i n  Fig.  I .  

By m k i q  severe; EsCuce approxinat ions , L i g h t h i l l '  

LigkthLll's assuicptions and correspondins  

I n  the  s tudy  p r = s m t c d  here ,  :he r e a l  Ls!~vLor of hydrogen has  heen 

???roximated 3y a sa:czbLy 7 f z i : ? ~ 1  L5gz th5 i l -> ! .y  ~ c d e l .  The s u l t a b i l i z y  af 

t he  rrodel can be judged 5y the  reader  h i m e l f  from a cons idera t ion  of (1) 

t he  d a t a ,  (2) t he  r e q u i r e m a t  t h a t  ( u  - cc' )/(E T) equal  1.5, and (3) t h s  

present  au tho r s  ' choics  of e d .  

D IC- - 
-n 

- 
This  i n f o r x t i o n  is  presented i n  Fig.  2.  

Because the  L igh th i l l - t ype  model esployed here  i s  approximate,  more 

s i g n i f i c a n c e  should be a t t r i b u t e d  t o  the  trends than t o  the  numerical  va lues  

of t he  var ious  prohlem paranc ters  i n  the  r e s u l t s  presented below. 

Trine Flow 

Bray 's  equat iocs '  fo r  t h e  orie-dimensioial, non-viscous , a d i a b a t i c  f l o w  

of an ' i d e a l i z e d '  d i s s o c i a t i n g  diatomic gas  have been employed i n  t h e  i n -  

v e s t i g a t i o n  r epor t ed  he re  and are  shown i n  F i g .  3 .  

Tne f i r s t  equat ion i s  der ived fron the  c o n t i n u i t y  equat ion with the  a i d  

of t he  mass, momentun, acd energy conservatron equat ions and th2 equat ions  

desc r ib ing  t h e  s t a t e  and s p e c i f i c  enthalpy of t h e  gas .  

The second equat ion  i s  the  r e a c t i o n  r a t e  equat ion for t h e  gas.  Th: 
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f i r s t  term on the  r i g h t  s i d e  of tke equatiori  presenrred here  i s  r e a l l y  

Bray 's  r a t e  equat ion  mul t ip l i ed  by the  facrol- ,  1 +e; t h i s  form i s  

c o c s i s t e n t  with Clarke ' s  rezaEion r z t z  eqceZici' azd cons iders  a tons  t o  

be  f i l l l y  as e f f e c t i v e  ( r a t h e r  t h m  only oix-Zc:f 2s e f f e c t i v e )  a s  ao lecu le s  

i n  :he c o l l i s i o n s  which r e s d r  i n  d i s s o c l z t L o ~  iir r z a s s o c i a 5 o n .  The s scon l  

t e n  on t h e  r i g h t  s i d e  of t h e  r eac t ion  r a t e  cc;-stion has  been der ived by 

R. R. Serns  and accounts  f o r  t he  inc recse  in thz  r e a c t i o n  r a t e  of an 

' i d e a l i z e d '  d i s s o c i a t i n g  gas  induced by a s x ~ l l  nass f r a c t i o n  of a po ten t  

c a t a l y s t .  Together wi th  o t h e r s ,  a paper by Girouard5 provided a b a s i s  f o r  

W r n s '  der iva t ion .  

4 

The t h i r d  of Eray ' s  Equations s p e c i f i e s  ~ h z  a rea  d i s t r i b u t i o n  i n  the  

nczz le ;  t h u s ,  -4 i s  31s cont:ol ver i ab le  use5 5s' ?ray.  A l t e r n a t i v e l y ,  the  

s s e c i f i c  en tha lpy ,  L ,  ccn 5- ii:..?Lqed B S  a cx . r :c l  v a r i a b l e ;  i n  f s c t ,  t h i s  

i s  the  only v a l i d  choice i n  ;hat reg ion  of ihz nozzle  where l o c a l  speed i s  

approximately equal  t o  the  l o c a l  f rozen  speed of sound and Q (i,a ) ,  t he  

c o e f f i c i e n t  of i '  i n  the  flow equat ion ,  i s  approxiinately zero.  Note t h a t  

che space rate-of-change of t he  mass f rac t ior?  d i s soc ia t ed ,  a', i s  def ined 

by the  r e a c t i o n  r a t e  equat ion;  t he re fo re ,  i t  aennot be employed a s  a c o n t r o l  

va r i ab le  and does c o n s t i t u t e  a reasonable paraae ter  f o r  ex t r en iza t ion .  I n  

t h i s  regard ,  a paper by Kel ley  i s  recomended. 

The Vzr ia t iona l  Problen 

6 

The v a r i a t i o n a l  problem which was i n i t i a l l y  posed was t h i s :  

Given an  ' i d e a l i z e d '  d i s soc ia t ing  d i a t o n i c  gas a t  

s p e c i f i e d  s t agna t ion  condi t ions ,  w!iat nozzle  contour  

should be provided t o  a nozzle  of aiven length  so  a s  

t o  ob ta in  t h s  h ighes t  poss ib le  s p e c i f i c  impulse? 

Given the  gas ,  t he  c a t a l y s t  i f  one i s  employad, and s p e c i f i e d  s t agna t ion  



5 

cozd i t ions ,  t he  s p e c i f i c  i npu l se  is a func t ion  only of the  condi t ions  a t  

the  end of t he  nozzle  a s  czil be seen fro2 Fig. &. For given i n i t i a l  

c\;-LLtions and giver, x 5 i e n t  precsur2,  p , ,  iz L C  c l e a r  t h a t  ISP w i l l  be 

a caximum a t  any g i v x i  l i s t s z c e  l o w -  c5e ~ C L L - ~  i f  Isp has been maintained 

2t i t s  maximum poss ib l e  value a t  every poinz along t h e  length  of thi2 nozzle .  

T:ie c o r r e s p c n d i q  v a r i a t i o z z l  problem i s  Cali22 a Eaycr problem . 
To maximize s p e c i f i c  i q m l s e  a t  any po in t  a long the  nozz le ,  sub jec t  t o  

4,6  

thz  cons t r a in ing  flow and reacz ion  r a t e  equat%ons,  a Lagrange func t ion  of 

t he  form shown i n  Fig.  5 i s  employed. Since the  func t ions ,  f and g ,  a r e  

d i f f e r e n t i a l  func t ions  , chz associzted ncl tL?lLers  A and /L must be con- 

s lZered t o  be func t ions  of 8. The t h r e s  Culcr equet ions  obta inable  f r o n  

che Lagrange functioil  a r e  ~ l s o  s h a m  i n  F i g .  5. 

On the  su r face ,  t:.z E: 5 co--’- ..aiLair.t eq..~r;: ’ s  arid the  th ree  Euler  

equat ions  appear t o  c o n s t i t u t e  a set  of fLve fLrs t -order  ord inary  d i f f s r e n t i a l  

equat ions  i n  the  f i v e  uilkno~ms, i ,  d, A ,  2 ,  2nd 

quan t i ty  t o  be extremized is a function only of the  dependcnt v a r i a b l e s ,  

t h a t  quan t i ty  d isappears  i d e n t i c a l l y  from ::?e Euler  equat ions ;  thus  , t he  

Lagrange func t ion  cocld j u s t  a s  wel l  have ’ 3 : ~  chosen t o  be F = A f  +,&g. 

Sow i t  is  c l e a r  t h a t  3 a n l  ,& a r e  no t  ic2z>endent  and t h a t  only t h e i r  ratio 

is s i g n i f i c a n t .  

of t he  dependent v a r i a b l e s  only,  a f i r s t  ir-cc;ral  exis ts .  

problem, the  f i r s t  i n t t g r e l  y i e lds  /u= i/r . 
i f  t he  second 2nd t h i r d  of t he  Euler  equat ions  shown i n  F ig .  5 a r e  solved 

f o r  A ’  and i ’ ,  respec t ive ly ,  and i f  t he  l a t t e r  r e s u l t s  a r e  then s u b s t i t u t e d  

i n t o  the  f l o w  equat ion ,  a formula f o r  h i n  terms o f  i, 

obtained.  

,U . But whenever the 

Also, ~ ~ l l e n e v e r  the  func t ion  :o b e  extremized i s  a functim 

I n  the  present  

Using t h i s  formula f o r  /u, 

a, and A can be 

Secause of t h e  cons t r a in t s  imposed by the  r e a c t i o n  and flow equat ions ,  
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a c n l y s i s  by the  u s u a l  nctho2 shows t!-.at only one n a t u r a l  end condi t ion  

e x i s t s  f o r  t he  o p t h i z a t i o n  of s;;cLfLc i x - ~ l s e  3r t h r u s t :  

The s t a t i c  grsssure of L.li *'-3 25s 5 s  I t  leaves t h e  e x i t  

plane of ik22 nczzJ1; xcst Se cq.;zl ;G ~ 3 . 2  acbfent  

pressure .  

Tk.2 Sauzdary  Value Fro'alez 

The boundary value pzobles  r e s d . t i z g  Ircx the  foregoing a n a l y s i s  i s  

sum.arized i n  Fig.  6. The ex is tence  of a v ~ z r i e t y  of opt ions  and i n t r a c a c i e s  

a s soc ia t ed  with s t a r t i n g  and cor.tinu',ng the 1cZcz1 numerical s o l u t i o n  of 

t h i s  boxcdery value p r o b l e n  i s  hidden 5ehir.c -his sumary .  I n  order  t o  

o?seia  an i n i t i a l  conai t ior :  E 3 r  the f low i n  :'x xozzle ,  equi l ibr ium flow 

-, ,..,st . . b e  asscmed f r c x  szag,-r :Lon cozlitions E G  soxe i n i t i a l  s ec t ion ;  t h e n  

~ 5 . 2 s ~  zqui l ibr inm c x  . _L.. 2 - . ,,.JSt .-> "_ -a?----- ;.--: --.,. :- CJ ~ l i o w  ini t izELon of  z?.: 

- .  ?. r r n i t e - r a c e  chemical ly  r e a a ~ i l i g  flow I 2 r i r . i t e  r eac t ion  r a t e  is 

ezployed upstream of t h e  nozzle  t h r o a t ,  d e t z ~ r . i n a t i o n  of  t he  mss f l u x  

dens i ty  a t  t h e  t h r o a t  must be made (1) by ~ r i s i - a n d - e r r o r ,  o r  (2) t he  

r e s u l t s  must 3e nom.alized a f t e r  t he  uxcorrcczed s o l u t i o n  is obtained s o  

a s  t o  make the  d iaens ionloss  th roa t  a r e a  e q u s l  t o  un i ty .  

The r equ i r ed  cons ra r t s  ( t h ree  f o r  u n c e t a l y z e d  flow o r  f i v e  f o r  catalyzed 

flow) , t52  t h r e e  initial condi t ions  and corr2s;onding t h r e e  governing dif- 

f e r s n t i a l  equat ions ,  arid the a lgebra i c  equezion de f in ing  the  remaining 

Lagrange m u l t i p l i e r  a r e  presented i n  Fig.  6 .  i h e r e v e r  r o r  2 has  been 

subsc r ip t ed  wi th  i, a, o r  A ,  the corresponding p a r t i a l  d e r i v a t i v e  i s  

ind ica t ed .  

Tlne flow condi t ions  r e s u l t i n g  f r c m  t he  expansion of i d e a l i z e d  d i s s o c i a t i q  

hydrogsn, i n  the  absence or  presence of a c a t a l y s t ,  through each of t he  

comparison hyperbol ic  nozz les  were determined 3y t h e  methods descr ibed by Br2yL 
7 
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tc:cserature. However, t h e  sffec: sf d i s s o c i r  :Lon on the  hydrogen pro- 

p r l l x i t  does become i n p s r t i n t  zt r eac to r  cpc-zc:lng temperatures  approaching 

i G , O O r J o  F ,  and such c s x ~ e r a t u r e s  arc 2eficLzcly f e a s r b l e  i n  the  case  of t h e  

vcrtex-contained gas-phase reacilors now bziF-2 scudied.  

Calcu la t ions  assuming u ~ c a t a l y z e d  flow u t i l i z e d  a va lue  of t he  dinen- 

sionless r a r e  cons tanc ,  C .  ';he formula for 2 in a l g e b r a i c  and numeric 

f~zc is a s  follows: 

3 2  -0 
- - Lo:s crn"/(-.ole2sec) - (I/,+; (1.90 g/cm ) (30.4s  c..) 

(1.~23 g / n o ~ e )  2 (I .L?*x' cm/sec> 

il = 0.7366 (LO ) 

Calcu la t iocs  assuming ca ta iyzsd  flow requi re3  

zacs  cons tan t ,  C c ,  i n  a d d i t i o n  t o  tha: f o r  C .  

zlL-c5raic an< numerLc f o p .  is as foliows: 

value  f o r  t he  dimensionless 

The formula f o r  Cc i n  

L 
= 4 c2 .7 (1C -I3) cm3/(r01e s e c ) ]  (.31? -(175.8) '.[1.90 z/cm3]-(30.48 cr.) 

(28 .0  g/cole)  (1.47 * c:.-./sec) 

= .2014 (10') 

The r a t i o  of c a t a l y s t  acz iva t ion  energy t o  the  d i s s o c i a t i o n  energy for 

hydrogen is  a l s o  requi red  f o r  catalyzed floi;. The va lue  assigned t o  t h i s  

r a t i o  i n  the  present  i nves t iga t ion  i s  

E/D = 4.2 kcel/mole = .403 (10") 
106.178 kcal/ixole 
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Tine p rope r t i e s  a s s i g - e d  t o  the c s t a l y s t  zsci appearing i n  t h e  de te rx ina-  

r l c n  of Cc  and 9/D sbove a r e  Cki?  IXC-KZZ~E~Z:XZ prope r t i e s  of e thylece  

a s  re;'arted by Gi rmard .>  

i o r  t ke  r e a s s o c i z t i o 2  of ; - ; ~ L - J " E X  - - J  i) E : ;  L z i 2 S Y  L:-.S ccnd i t ions  coxsidered 

:??-re. As y e t ,  EO s i m i l a r  st--ady of pcssi 'slz c c z s l y s t s  f o r  t h i s  r e a c t i o n  

cx&r high-;eaperatcre c c d l t i o c s  z p p a r s  t o  h i . e  been made. The use of 

rhese l o w  t eepe ra tu r s  l a %  rhus represents  oiiiy a hope t h a t  a c a t a l y s c  

m y  be found which possisses a potency a t  h l sh - t enpe ra tu re  equal  ta t h a t  

of ethylene a t  low t e n ? o r e c a e .  

C ~ r t a i ~ l y  me:>ylcA~ c.csno'c serve  a s  a c a t a l y s t  

The va lues  of e"v';: a??l.yi>g t o  uns ; t a lyz~d  and ca ta lyzed  flow throcg:? 

t?iz nozz?es a r e  p r e s e x t e d  i: Figs. 7 3xl 8 2 ,  r e spec t ive ly .  

r .  r - -  -ne solu; iozs  S Z C S ; : : ; ~  >.zrz zcr co:h 2.:: 2. zzd comparison n o z z l e s  

. .  pii;:c o5:ained 5y 23. .-1:CL L;:qrc:Lir, 2s: :: Zxrc'n -orde r Xunge -Xu= zc  

Ir 622 :hod 

em?loyed i n  the a c t u a l  cz l cu la t ions .  

ine R e s u l r s  

10 . A su i t t ib ly  p;og:r::xx?d d i g i Z z 1  c n p u z s r  o f  moderate s i z e  w 2 s  

-3 

Fig .  7 shovs t h e  cptixu;;? nozzle cGntocr obzainec? f o r  t he  uncatalyzed 

?':?e contours of two c m ? a r i s o n  hyperbol ic  nozzles  r ' lO i .7  or' t he  nodel 22s. 

-. C I L i  - - r  giso included in t h i s  r i ~ u r e .  Since r=sul:s obiained f o r  iEe uncaral}-zsd 

Zlcws iire SD sixilzr t c  t h e  r e s u l t s  0 5 t a i n : ~ e  for t he  ca ta lyzed  f lows  e>;cepi 

f o r  iLz dimensionless p o s i t i o n  d o m s r r e a n  02 r h e  t h r o a t  a t  which n p a r t i s d a r  

dinensionless are2  is ackieved,  f u r t h e r  d i s c u s i o n  of t he  uncatalyzed flows 

w i l l  be defer red  until :he catalyzed f10m ?:zve been considered i n  d e t a i l .  

Fig.  8 shows t he  o?ti-un nozzle  contocr- c>tair .zd f o r  the  catalyzzd f lor j  

of t he  nods1 gas .  

a l s G  included In t h i s  f i gu re .  

d inens ion le s s  a rea  of a t  l e a s t  100 and a dirrsnsionless  s t a t i c  pressure  of 

'E?? co'i?tours of t k ree  c c c ~ ~ r i s o n  hyperbol ic  nozzles  a r e  

The f low cczd i t ions  were ca lcu la t ed  t o  a 
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23 r;,ore than  10". A rainixua e a r t h - o r b i t s 1  z l t i t u d e  of approximately orte 

h m d r z d  k i lometers  was a s s m e d  as rezscnabie f o r  zny veh ic l e  powered by a 

% - _ . . I .  -."&:.e- - t er-.gi2e of the  t y s s  d lscusszd  ?.?re. A: ::?is a l t i t u d e ,  the anb iec t  

-4, -..- .-;;.,sure - c is approx i r s t e ly  3(10 1 ?GI-:. G Y ,  L:: c'i.e dh-ensionless  form used 

t i r e ,  19-8. 

-1 I C E  d ixens ioc le s s  i rna rh  a t  k;:ILch t5.z S Z B Z L C  pressure  i n  the  conpariscn 

n- . . ~ z ; e  Ls 

f o r  each comparison nozz le .  ?he very srnall t i c k s  near  t he  i n t e r s e c t i o n s  

of :he A V S . ~  curves i n  Fig.  8s i n d i c a t e  t h e  vzlue  of 

s:z.cic pressure  has 3 corr-~~on vzlue (c t ' i s  s;z:ic pressure  i s  a l s o  noted near  

equal  to t'nc s:az:c p-essure Ln  ;:--: c:Ehun nozzle  was detern ine2  

a t  which the  

uL - ., -. Lk.2 9;;:: m nozzle  and one or  t h s  o t h e r  . .  ~ > r i r s e c z i o n )  for .--s =ji t;i-- 

{q 3t 
,Z - .- -',. +..C c o x p r i s o n  n o z z i e s .  .& aashcG l i n e  csrzc;ponding t o  t h e  A 

~.:::,-l: +>e j z a t i c  ; : ; ~ ~ ~ ~ ~ ~ ~  7 :  t y ? c r b o l i c  cozzle w i l l  bi3 

e < , 3 z l  to 10-8 is i:-L.-;;tcd A-. Z C .  +;.,> c..c z.-bLhr<-. -I?; 

>.% gas a t  a p a r t i c u l e r  

lccation Since the  G ~ ~ L Z I I X  sozz le  i s  cr-2.y optimum i f  t h e  ambient 

7rrssure i s  equal  t o  tb.3 s c a c i c  pressure  e t  zzy e s i t  plane,  t h i s  graph 

can a l s o  be i n t e r p r e t e d  as a presente t ion  of opt imm s p e c i f i c  i npu l se  

i. z i g .  3b presenzs ;I?c v.-loclzy of .chz f 

vczsus y. 
',liner. Fig.  63 i s  c ~ i s i l ~ r ~ i  i n  C O ~ ~ L X I ~ L ~ G ~  wi th  F ig .  8 a ,  i t  is appayent 

that no d i s t ingu i shab le  d i f f? rence  between b2irnced pressure  s p e c i f i c  

- L p u l s e  -. of the  optincri n a z z l e  and a p a r t i c c l e r  hyperbol ic  nozzle  occurs 

when ihe  e x i t  s t a t i c  pressure  of i he  optiws.2 i iczs le ,  t h e  e x i t  s t a t i c  

pressure  of t he  p a r t i c u l a r  hyperbol ic  n o z z l c ,  2nd t h e  ambient pressure  a r e  

i d e n t i c a l .  A c lose  check of the ru re r i ca ' i  r z s u l t s  i n d i c a t e s  t h a r  t he  

s p e c i f i c  i npu l se  of  thz optirncn nGZZk i s ,  zt b e s t ,  only  a f e w  t en ths  of m e .  

percent  b e t t e r  than t h a t  of the comparison nozzle  under these  condi t ions .  





Less l ength  a i  whic5 s t c ; L L c  pressure i s  equcl  t o  m b i e n t  p re s su re .  In 

Ccic lvs ions  

v rrorn r e s u l t s  o5taLned ic the  i n v e s t i g c t i a x  repor ted  h e r e ,  i t  i s  con- 

cluded t h a t  very l i t z i e  increase  i n  s p e c i f i c  Lz.plse can bz obtained by 

nozzle  w i l l  a l l o w  a g r e a t  r d u c t i o r .  i n  nozzle  length  and weight f o r  balazcad- 

? re s su re  exhaust t o  the. sane aabien t  pressme. 

I 
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